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In this paper, we study the uniqueness and existence of a common fixed point for a pair of
mappings in cone metric space. The results extend and improve recent related results.
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1. Introduction and preliminaries
Recently, Huang and Zhang [1] have replaced real numbers by ordering Banach space and have defined a cone metric
space. They have proved some fixed point theorems of contractive mapping on cone metric spaces. Further generalizations
of the result of Huang and Zhang were obtained by Abbas and Jungck [2].
The existence of a common fixed point in cone metric space has been considered recently in [2–11]. The purpose of this
paper is to generalize and unify the fixed point theorems of Abbas and Jungck [2], Huang and Zhang [1] on cone metric
spaces.
Consistent with Huang and Zhang [1,12], the following definitions and results will be needed in what follows.
Let E be a topological vector space and let P ⊂ E be a cone. Then, cone P defines a partial ordering≤ in E by x ≤ y if and
only if y− x ∈ P . We shall write x < y to indicate that x ≤ y but x 6= y, while x ywill stand for y− x ∈ P˚; P˚ denotes the
interior of P . A cone P in a normed space E is said to be normal if there exists a constant NP > 0 such that θ ≤ x ≤ y implies
that ‖x‖ ≤ NP‖y‖. The least positive number NP satisfying the inequality is called the normal constant of cone P . A cone P
is said to be solid if P˚ 6= ∅ (see [13,14]).
Throughout this paper we always assume that E is a topological vector space, θ denotes the zero element, P ⊂ E is solid,
and≤ is partial ordering with respect to P .
For further details on cone theory, one can refer to [13,14].
Definition 1.1 (See [1,2]). Let X be a nonempty set. Suppose the mapping d : X × X −→ E satisfies
(d1) θ ≤ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≤ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X , and (X, d) is called a cone metric space.
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Definition 1.2 (See [2]). Let (X, d) be a cone metric space. We say that {xn} is:
(i) a Cauchy sequence if, for every c  θ , there is a natural N such that d(xn, xm) c for all n,m > N;
(ii) a convergent sequence to a point x in X if, for every c  θ , there is a natural N such that d(xn, x) c for all n > N .
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X (see [1,13,14]).
Lemma 1.1 ([12]). Let (X, d) be a cone metric space, let E be a real Banach space and cone P ⊂ E be a solid, and let {xn} be a
sequence in X. We have
(a) {xn} converges to x ∈ X if and only if d(xn, x) −→ θ as n −→∞;
(b) {xn} is a Cauchy sequence if and only if d(xn, xm) −→ θ as n,m −→∞.
Lemma 1.2 ([12]; Corollary 2.8). Let (X, d) be a conemetric space, P be a solid cone, and {xn} be a sequence in X. If {xn} converges
to x and {xn} converges to y, then x = y.
Remark 1.1. Compare Lemmas 1.1 and 1.2 with Lemmas 1 and 2 in [1]. Note that we do not need that P is a normal cone.
Therefore, Lemmas 1.1 and 1.2 improve and generalize Lemmas 1 and 2 in [1].
Definition 1.3 (See [2]). Let f and g be self-mappings of a set X . Ifw = fx = gx for some x in X , then x is called a coincidence
point of f and g , andw is called a point of coincidence of f and g .
Definition 1.4 (See [3]). Two self-mappings f and g of a cone metric space X are said to be weakly compatible if they
commute at their coincidence points; i.e., if fx = gx for some x ∈ X , then fgx = gfx.
2. Main results
In this section, we give some common fixed point theorems for mappings defined on a cone metric space.
Theorem 2.1. Let (X, d) be a cone metric space and let ai ≥ 0 (i = 1, 2, 3, 4, 5) be constants with a1+ a2+ a3+ a4+ a5 < 1.
Suppose that the mappings f , g : X −→ X satisfy the condition
d(fx, fy) ≤ a1d(gx, gy)+ a2d(fx, gx)+ a3d(fy, gy)+ a4d(gx, fy)+ a5d(fx, gy), for all x, y ∈ X, (2.1)
for all x, y ∈ X.
If the range of g contains the range of f and g(X) is a complete subspace, then f and g have a unique point of coincidence
in X . Moreover, if f and g are weakly compatible, then f and g have a unique fixed point.
Proof. Let x0 ∈ X be an arbitrary point. Since f (X) ⊂ g(X), there exists an x1 ∈ X such that fx0 = gx1. By induction, a
sequence {xn} can be chosen such that fxn = gxn+1 (n = 0, 1, 2, 3, . . .).
Thus, by (2.1), for any natural number n, we have
d(gxn+1, gxn) = d(fxn, fxn−1)
≤ a1d(gxn, gn−1)+ a2d(fxn, gxn)+ a3d(fxn−1, gxn−1)+ a4d(gxn, fxn−1)+ a5d(fxn, gxn−1)
≤ (a1 + a3 + a5)d(gxn, gxn−1)+ (a2 + a5)d(gxn+1, gxn),
and
d(gxn, gxn+1) = d(fxn−1, fxn)
≤ a1d(gxn−1, gxn)+ a2d(fxn−1, gxn−1)+ a3d(fxn, gxn)+ a4d(gxn−1, fxn)+ a5d(fxn−1, gxn)
≤ (a1 + a2 + a4)d(gxn, gxn−1)+ (a3 + a4)d(gxn+1, gxn).
Hence,
2d(gxn+1, gxn) = d(gxn+1, gxn)+ d(gxn, gxn+1)
≤ (2a1 + a2 + a3 + a4 + a5)d(gxn, gxn−1)+ (a2 + a3 + a4 + a5)d(gxn+1, gxn), (n = 0, 1, 2, . . .).
So
d(gxn+1, gxn) ≤ 2a1 + a2 + a3 + a4 + a52− a2 − a3 − a4 − a5 · d(gxn, gxn−1)
≡ b · d(gxn, gxn−1)
≤ b2 · d(gxn−1, gxn−2)
≤ · · · · · · · · ·
≤ bn · d(gx1, gx0)
= bn · d(fx0, gx0), (n = 0, 1, 2, . . .),
where b ≡ 2a1+a2+a3+a4+a52−a2−a3−a4−a5 . Obviously, b ∈ [0, 1).
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Thus, for any positive integersm and n, we have
d(gxn+m, gxn) ≤ d(gxn+m, gxn+m−1)+ d(gxn+m−1, gxn+m−2)+ · · · + d(gxn+1, gxn)
≤ (bn+m−1 + bn+m−2 + · · · + bn) · d(fx0, gx0)
≤ b
n
1− b · d(fx0, gx0).
Using the same method as in [15, Theorem 2.3], we can show that {xn} is a Cauchy sequence. Thus, by Lemma 1.1, we
have
d(gxn+m, gxn) −→ θ as n −→∞, for any positive integerm.
As in the proof of Theorem 2.1 in [1], we know that gxn −→ q ∈ g(X), and there exists p ∈ X such that gp = q.
Hence, by (2.1), we have
d(gxn, fp) = d(fxn−1, fp)
≤ a1d(gxn−1, gp)+ a2d(fxn−1, gxn−1)+ a3d(fp, gp)+ a4d(gxn−1, fp)+ a5d(fxn−1, gp)
= a1d(gxn−1, gp)+ a2d(gxn, gxn−1)+ a3d(fp, gp)+ a4d(gxn−1, fp)+ a5d(gxn, gp), (n = 1, 2, 3, . . .).
(2.2)
Thus, letting n −→∞ and by gxn −→ q as n −→∞, we have
d(q, fp) ≤ (a3 + a4) · d(q, fp);
i.e., (1− a3 − a4) · d(q, fp) ≤ θ .
Therefore, by a1 + a2 + a3 + a4 + a5 < 1, we know that d(q, fp) = θ ; i.e., fp = q = gp.
Now we show that f and g have a unique point of coincidence. For this, assume that there exists another point u in X
such that fu = gu.
Thus, by (2.1), we have
d(gu, gp) = d(fu, fp)
≤ a1d(gu, gp)+ a2d(fu, gu)+ a3d(fp, gp)+ a4d(gu, fp)+ a5d(fu, gp)
= (a1 + a4 + a5)d(gu, gp).
From the above, by a1 + a2 + a3 + a4 + a5 < 1, it is easy to obtain that d(gu, gp) = θ ; i.e., gu = gp.
In the same way as stated in Theorem 2.1 of [2], the rest can be proved.
This completes the proof of Theorem 2.1. 
Remark 2.1. Obviously, Theorem 2.1 in [2] is a special case of Theorem 2.1 with a2 = a3 = a4 = a5 = 0, a1 = k, and P is a
normal cone.
Theorem 2.3 in [2] is a special case of Theorem 2.1 with a1 = a4 = a5 = 0, a2 = a3 = k, and P is a normal cone.
Theorem 2.4 in [2] is a special case of Theorem 2.1 with a1 = a2 = a3 = 0, a4 = a5 = k, and P is a normal cone.
Therefore, our Theorem 2.1 has generalized and unified the main results of Abbas and Jungck in [2].
In Theorem 2.1, if g = IX is the identity map on X , and X is a complete cone metric space, then, as an immediate
consequence of Theorem 2.1, we obtain the following result.
Corollary 2.1. Let (X, d) be a complete cone metric space and let ai ≥ 0 (i = 1, 2, 3, 4, 5) be constants with a1 + a2
+ a3 + a4 + a5 < 1. Suppose that the mapping f : X −→ X satisfies the condition
d(fx, fy) ≤ a1d(x, y)+ a2d(x, fx)+ a3d(y, fy)+ a4d(x, fy)+ a5d(y, fx), for all x, y ∈ X, (2.3)
for all x, y ∈ X.
Then f has a unique fixed point x∗ in X , and for any x0 ∈ X , the successive iterates
xn = fxn−1, (n = 1, 2, 3, . . .)
converge to x∗.
Remark 2.2. Obviously, Theorem 1 in [1] is a special case of Corollary 2.1 with a2 = a3 = a4 = a5 = 0, a1 = k, and P is a
normal cone.
Theorem 3 in [1] is a special case of Corollary 2.1 with a1 = a4 = a5 = 0, a2 = a3 = k, and P is a normal cone.
Theorem 4 in [1] is a special case of Corollary 2.1 with a1 = a2 = a3 = 0, a4 = a5 = k, and P is a normal cone.
Therefore, our Corollary 2.1 has generalized and unified the main results of Huang and Zhang in [1].
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Theorem 2.2. Let (X, d) be a cone metric space and let the mappings f , g : X −→ X satisfy the condition
d(fx, fy) ≤ λ · u, for all x, y ∈ X, (2.4)
where u ∈ {d(gx, gy), d(fx, gx), d(fy, gy), 1h [d(fx, gy)+ d(fy, gx)]}, λ ∈ (0, 1), h > 2λ.
If the range of g contains the range of f and g(X) is a complete subspace, then f and g have a unique point of coincidence
in X . Moreover, if f and g are weakly compatible, f and g have a unique fixed point.
Proof. Let x0 be arbitrary point in X . As in the proof of Theorem 2.1 [1], we know that there exists a sequence {xn} ⊂ X such
that fxn = gxn+1 (n = 0, 1, 2, 3, . . .).
From (2.4), it is easy to verify that
d(gxn+1, gxn) = d(fxn, fxn−1)
≤ max
{
λ,
λ
h− λ
}
· d(gxn, gxn−1)
≡ k · d(gxn, gxn−1), (2.5)
where k = λh−λ , and λ ∈ (0, 1), h > 2λ implies that k ∈ [0, 1).
Thus, by (2.5), we have
d(gxn+1, gxn) ≤ k · d(gxn, gxn−1)
≤ k2 · d(gxn−1, gxn−2)
≤ · · · · · · · · ·
≤ kn · d(gx1, gx0), (n = 0, 1, 2, . . .).
From the above and the proof of Theorem 2.1, we know that {gxn} is a Cauchy sequence, and so there exist q, p ∈ X such
that gxn −→ q and gp = q = fp.
Now we show that f and g have a unique point of coincidence. For this, assume that there exists another point u in X
such that fu = gu.
From (2.4), we have to consider four cases.
Case 1. If d(fu, fp) ≤ λd(gu, gp), then d(gu, gp) ≤ λd(gu, gp). Thus, by λ ∈ (0, 1), we know that d(gu, gp) = θ ; i.e., gu = gp.
Case 2. If d(fu, fp) ≤ λd(fu, gu), then d(gu, gp) ≤ λd(fu, gu) = λd(gu, gu) = θ . Thus, d(gu, gp) = θ ; i.e., gu = gp.
Case 3. If d(fu, fp) ≤ λd(fp, gp), then d(gu, gp) ≤ λd(fp, gp) = λd(gp, gp) = θ . Thus, d(gu, gp) = θ ; i.e., gu = gp.
Case 4. If d(fu, fp) ≤ λ · 1h · [d(fu, gp)+ d(fp, gu)], then
d(gu, gp) ≤ λ
h
· [d(fu, gp)+ d(fp, gu)]
= λ
h
· [d(gu, gp)+ d(gp, gu)]
= 2λ
h
· d(gu, gp).
So, (1− 2λh ) · d(gu, gp) ≤ θ .
Thus, by h > 2λ, we know that d(gu, gp) = θ ; i.e., gu = gp.
From the above, we know that f and g have a unique point of coincidence.
In the same way as stated in Theorem 2.1, the rest can be proved.
This completes the proof of Theorem 2.2. 
Remark 2.3. Obviously, our Theorem 2.2 has generalized and unified the fixed point theorems of Abbas and Jungck in [2].
In Theorem 2.2, if g = IX is the identity map on X , and X is a complete cone metric space, then, as an immediate
consequence of Theorem 2.2, we obtain the following result.
Corollary 2.2. Let (X, d) be a complete cone metric space and let the mapping f : X −→ X satisfy the condition
d(fx, fy) ≤ λ · u, for all x, y ∈ X,
where u ∈ {d(x, y), d(fx, x), d(fy, y), 1h [d(fx, y)+ d(fy, x)]}, λ ∈ (0, 1), h > 2λ.
Then f has a unique fixed point x∗ in X, and for any x0 ∈ X, the successive iterates
xn = fxn−1, (n = 1, 2, 3, . . .)
converge to x∗.
Remark 2.4. Obviously, our Corollary 2.2 has generalized and unified the fixed point theorems of Huang and Zhang in [1].
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